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P> inconsistency between two lattice QCD methods

‘ Liischer HAL QCD ‘ phys. point
NN(!Sg) | bound < unbound | unbound
NN(3S;) | bound <  unbound bound

P> Today, we will clarify this problem,
and how to study reliable hadron interactions from lattice QCD.

@ Lattice QCD to Nuclear Physics: HAL QCD vs Liischer's method

9 Baryon Interaction from Lattice QCD
@ Lattice Formulations and Setup
@ Liischer's Method: Energy Shift in Finite Volume
e HAL QCD Method: Potential

© HAL QCD with Liischer — Beyond The Ground State

@ Summary and Outlook



@ Lattice QCD to Nuclear Physics: HAL QCD vs Liischer’'s method



Dynamics of QCD: From Quarks to Universe
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Hadron Interaction from Lattice QCD

we know 2 methods

Liischer’s finite volume method — Liischer '86, '91
1. energy shift of two-particle system in “box” P> 2. phase shift

1
Ep =2VEk%2+m?2-2m = kcotd(k Z = (

kL/2m)?

HAL QCD method — Ishii-Aoki-Hatsuda '07
1. NBS wave function P> 2. potential P> 3. phase shift
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NN Interactions from Lattice QCD

| Liischer HAL QCD | phys. point
IS, | bound < unbound unbound
3S; | bound < unbound bound

B pion mass is unphysical, but there are systematic deviations
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Liushcer vs HAL QCD

unfortunately, systematic discrepancies are reported between
Liischer’s finite volume method and HAL QCD method

but those works used different quark mass, source (smeared and wall), ...

O check baryon interactions from both methods with the same setup
B which is correct 7 what is the origin of discrepancies 7

B measure energy shift B analyze potential
wall source
¥ 40 t=15 ——
‘g 5 v ! A4 - 30 1 o3
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© Baryon Interaction from Lattice QCD
@ Lattice Formulations and Setup



Lischer’s Finite Volume Method
e “energy shift” in finite box L3

AEL:EBB—QmB :2\/k2+m23—2m3
= phase shift J(k)

1 1
]ﬁCOt(S(k) - E %3 ”I’LP — (kL/QT[')Q

e measurement: plateau in effective mass

_ R(t)
AEeﬁ‘(t) = log R(t n 1) — AEL

R(t) = GBiB(t) — exp [— (EBB — 2mB)t]

- {Gs(1)}?
with Gpp(t)(Ggp(t)): BB(B) correlators

o effective mass plot $ + e

—> standard method in “single particle state” ] )
Fig. Yamazaki et al. '12
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Time-dependent HAL QCD Method I A

. . LT 7 7= 7=
B Nambu-Bethe-Salpeter correlation function "z":':"!
. {0IT{B(@ + 7, 1)B(&,)}7 (0)|0) 2
R(7,t) = 5 B>
{Gs(t)} 2

= Z Anqpn(f‘)e—(En—QmB)t + O(e_(Eth_QmB

B> in Liischer's method: ) . R(7,t) = R(t) = exp [-(Epp — 2mp)t]
O each v, (F)e~Ert = (0|T{B(& + 7,t) B(%,t)}|2B, n) satisfies

[k,% _ Ho] b (F) = /dﬁU(ﬁr )b (1)

mp

with the same non-local interaction kernel U(f’,ﬁ)
B R-corr. satisfies t-dep. Schrodinger-like eq. with elastic saturation

L0y R(*t)—/d7U(* R(r,t)
dmpor ot | DU T AT
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Time-dependent HAL QCD Method I A

LT 7 7= —
&
7

L7
LT 777 =

B Nambu-Bethe-Salpeter correlation function

e

Rty < OB+ OB D}T0)10)
o (PG i
=" A (F)e” Enm2malt o O~ (Pun—2malt) ZS

< 7 7T TR
SO Fea AL
Ve /'

B> in Liischer's method: ) . R(7,t) = R(t) = exp [-(Epp — 2mp)t]
B R-corr. satisfies t-dep. Schrodinger-like eq. with elastic saturation
1 9 0

Ao - 2 O+ H 7 = _; fond _;
|:4mB otz ot 0} R(r,1) /dT U(7, 7 R(r, t)

Euclidean tim

P “potential” using velocity expansion U(r, ") ~ V (r)d(r — r’)

1 (8/0t)*R(F,t)  (9/9t)R(F,t)  HoR(F,1)

Vi) =4 RGD R(7.1) RO, 1)

P> This method does not require the ground state saturation.
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Difficulties in Multi-Baryon System from Lattice QCD
P> Liischer's method requires ground state saturation
Gnn(t) = co eXp(—EéNN)t) +c exp(—EfNN)t) +- >~ exp(—E(()NN)t)
@ S/N becomes worse as [mass number A] x [light quark] x [t — o0]
S e [ (e Sme)

o smaller gaps: AE ~ ' ?/m ~ O(1/L?) = large t

AL:LO ALZQXLO AL:OO
—— NN 4 x Inelastic
l — Elastic
— NN

P> advantage of HAL QCD method
@ only elastic states saturation — E-indep potential

2
[18 _9 Ho] R(7 1) = / 40 (7,7 ) R(, )



Lattice Setup
B 2 + 1 improved Wilson + Iwasaki gauge!
lattice spacing a = 0.08995(40) fm, a=! = 2.194(10) GeV
my = 0.51 GeV, my = 1.32 GeV, mi = 0.62 GeV, mz = 1.46 GeV

B 2-type quark sources
o wall source

standard of HAL QCD

@ smeared source
the same as Yamazaki et al'.
— NN int. by Lischer
& Helium binding energy [

O analyze Z=(1Sp)-channel — the same rep. as NN(!Sg) and better S/N
with high stat. — ex. 48%: (#tsmeared src.)/(Yamazaki et al.) ~ 5

volume  # conf. # smeared src.  # wall src.

40° x 48 200 512 48
483 x 48 200 4 x 256 4 x 48
64% x 64 327 256 4 x 32

T Yamazaki-Ishikawa-Kuramashi-Ukawa. arXiv:1207.4277. 8/20
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@ Liischer's Method: Energy Shift in Finite Volume



==(1Sg) Effective Energy Shift Plot

effective mass plot

AEZL(t) =log R(t)/R(t + 1) — F==z — 2mz=
with R(t) = G==(t)/{G=(t)}?

o wall source
AEL ~ —3 MeV
@ smeared source
AEL ~ —8 MeV
o plateau depends
on quark source
777

=48

(t) [MeV] at L

ff

A

L smeared src.

wal_l Src.

0 5

/20



Effective Masses of == and =

wall source smeared source
~ 2940 T - 2940 '
5 wall sre. Z5('Sg) —=— > g
> 2930 5 2930
3 2 b&: ¢ H“’M *
112920 # 112920 ‘l’% 4,‘]'{,
S *#’ = §
8 2910 .# 8 2910
[ [V
£ 2900 # £ 2900
& * & smeared sre. = —o—
2890 2890 smeared src. Z=(°S)) —&—
0 5 10 15 20 0 5 10 15 20
t t
e Be careful with effective mass plot
H eff eff I 5 A v v
w/o plateaux in ESZ(t) & mg'(t), < . i
k= A Y A
AFE.4(t) = E52 om= g ! % H1TY
wlt) = EGE(0) —2m3(0) 3 sesnattl]
—~ 57 v
shows a fake plateau by cancellation _u I‘I’H‘{"{’
10 | smeared src. ZE(,Sp)
P> we need much larger ¢, 3 wall src. S5('Sg) —2—
and much more statistics 0 5 10 15 20
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Do Not Trust Plateaux

0
2| wall src. vs smeared src.
2 A4 o different plateaux
Z 6| : .
m g 3 o different conclusions
3 ]'0 wall src. —a unbound or bound
< 2 smeared src. —v—
20 0.04(14) MeV —— .
14 b ) 60%75; MeV —e— @ where is the true AE],
0x10°  5x10° 1x10° 2x10° 2x107
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L? =403 L? =483 L? =643
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P “direct method”
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Energy Shift of Triton and Helium, and 1/L3 — 0

fake plateaux problem will be much harder than two-body system
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@ HAL QCD Method: Potential



NBS Wave Function and

Z(!Sy) Central Potential V,.(7)

§ sx10° S;eafed sre.: i:i;‘ S o wall src. — weak t-dep.
2 o | 2 t=12 o smeared. src. — strong t-dep.
Sl Nsrcit=13 — .
g x0T g wallrest=13 —=> ~ O(100) MeV cancellation
% ax105 § e t-dep. HAL method works well!!
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NBS Wave Function and

Z(!Sy) Central Potential V,.(7)

§ sx10° S;eafed sre.: ijg ~ | o wall src. — weak t-dep.
2 o | 2 t=12 o smeared. src. — strong t-dep.
St Hsrcit=13 —— - :

g x0T g wallgret=13 7 —> ~ O(100) MeV cancellation
2 05 b e t-dep. HAL method works well!!
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=Z('Sg) Potential: Wall Source vs Smeared Source

P wall src. t-“stable” < smeared src. t-depend
wall source smeared source

40 = T T g g 40
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40 i 40
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Residual Diff. of Pot.: Next Leading Order Correction

Derivative expansion: U(r,r’) = {Vo(r) + Vi (r)V?}6(r — 1) (for 1Sg)
Lo 0 Ho| R(r,t) = [ &'U(r,7")R(r',t
g~ 5~ Ho| R = [ @rUGaRG

1 (9*/0t*)R (9/0t)R HoR V2R(r,t) -
T - - = Vo(r)+Vi(r)———~ = Viotal(7: 1)
4m R R R R(r,t)
now, we have R¥ (r ) and RVl (r t) => solve Vi(r) and Vi (r)
P> wall source P> smeared source
e Good convergence of LO pot. e with NLO pot. correction
40 T 40
Vo | Vo)
% 30 ; V](r) VZRWBII/RWBH % 30 Vl(r) VZRsmeur/Rsmear
2 2 i Vvl = 07 VMR 1 1)
3 10 i E 0}
S 0 o~ 5 0
2 / S
~ -10 -3 ~ -0
—<m ; '_'w
Pt -20 : it -20
w301 w3t
40 . -40

 [fm] 15/20



Lischer from HAL QCD: Energy Shift from Potential
P HAL QCD gives reliable interaction without g.s. saturation
quark source, time, and volume independent
P> where is the true “energy shift” in finite volume ?

1. INPUT: potential V(7) 2. SOLVE: eigenvalue in finite box L3
[Hy+ V] = AEY
2 L
_ : A xe4s@t=12 —
> 1 402§48@t:]2~ = 0
2 gxse@i=12 —— = 5|
v 54T
& < 6l
{T} HAL QCD method —&—
8 o/ L-fit
o 1 2 3 4 5 0x10°  5x10°%  1x10° 2x10°  2x107

L3 [0

P After all, Z=(!S) is unbound at m, = 510 MeV

16 /20
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Wavefunction, Potential, Eigenvalues and Eienfunctions
NBS wave function Potential

e s of T graeer—
[5) I 3
=12 HAL method 2 4 s @i=12
wall@t 12 = %
3 2 - =0
= >
/ 520
mn
W40

0 10 15 20 25 30 35 40 45 0o 05 1 15 2 25 3 35
r [fm]
K olve [y, -V E
feed bmk . [Ho + Vv =By
Eigenvalues & Eigenfunctions

4th A1
0.02 3rd Al
2nd Al .
- n | ground state
oy o001 b g8
decomposition £ B | & excited states
projection =0
(elastic scattering)

-0.01

0 5 10 15 20 25 30 35 40 45
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Excited State in NBS Wavefunction
P> R-corr. decomposition by energy eigenmodes V¥,

Zan (7, t) exp (—AEL), an — (Ul R) eAEnt

exp (—AE,t) = Z by exp (—AE,t)

R(p=0,t) Zan Z\I/F)

“contamination” of excited states b,, /by

O ex. 1st excited state

smear @ t = 12, + —@—
o wall source 1E+00 m =
11 @ t = 12, + —o—
by /by < 0.01 1E-01 m vt e - —o—
@ smeared source _ 1E-02 o &l
b1 /by ~ —0.1 £ 1k 03 u
1/bo = o p
1E-04
@ with energy gap 1E-05
By — By ~ 50 MeV 15-06 +
for L3 = 483 1E-07
0 50 100 150 200 250
AE_  [MeV]



Excited States Contribution to AF.4(t) and Fake Plateau
>, bnexp (—AERt)
2nbnexp (ZAE,(t+1))

B “direct measurement” — well reproduced by low-lying eigenmodes’
P “fake plateau” of smeared src. around t = 12 — 18

AFEcg(t) = log

"smeared src. —v—
5+t A v wallsrc. —&— Y
= A wal(n=0) —— ¢
© smeared 0 =0,1,2) A
= 0 & I
= Ay ‘t \4
S @AAA@& ‘#+ B0000
Shl-5 t v, 1
]
& W‘H’% '
-10 1
0 5 10 15 20

t

T eigenvalues AFE,, coefficients b‘é"all and b5 forn =0,1,2, at ¢t = 12,



Excited States Contribution to AF.4(t) and Fake Plateau

>, bnexp (—AERt)
Y onbnexp (“AE,(t+1))
B “direct measurement” — well reproduced by low-lying eigenmodes’
P “fake plateau” of smeared src. around t = 12 — 18
[J g.s. saturation of smeared source — 100 lattice units ~ 10 fm 11

smeared src. —v—

AFEcg(t) = log

5 v wall src. —=&—
= wall (n=0) —e—
% 0 Al smeared (n=0,1,2) —=—
shoa TNaee o N
= » wall(n=0) —e— Sm-5 f
ﬁ 0 smeared (0 =0,1,2) —=—
\Eﬁ XAAAA@§‘£‘§+ > ‘: q
%-#-5 -10 1
T WH%% . . . ,
0 20 40 60 80 100
0 5 10 15 20 t
t

1 eigenvalues AFE,, coefficients bB"aH and b5 forn =0,1,2, at t = 12.
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Summary: Lischer =vs= and HAL QCD

v “etisefrer-ys=HAd= —> “Liischer(smeared) vs Liishcer(wall)"
Liishcer and HAL QCD methods are consistent
—> Lattice QCD can answer reliable hadron interactions.

@ “direct measurement” — ground state saturation is extremely hard
—> do not trust plateau, it may be a fake signal!
v’ check other sources or variational method
o HAL QCD works well without g.s. saturation.
v'g.s. saturation at physical point is much more difficult
—> only HAL QCD can approach physical point
@ NBS corr. and “potential” clarify excited states and fake plateau.

finite vol. 4E agree.
Pot. with wall src. (——— Direct with wall src.

$NLO pot. x i Fake plateaux
Pot. with smear src Direct with smear src.

20/20



HAL QCD Coll. at physical point is now going on.
m(llN-PoienIiul (IensorD E=2(1So)

P
3500 AVIo{phon . 351%:3};:532!5@ =
VA(ISO1): 1=07 +—aest 2000 H VeISI10) 11012013
3000 100 it~ e et 200 3 VeliR10): 0:12018
2500 1500 4 100
o 04 -
§ o $ L Central
s 100 S wwf, o
.
1000 -
500 200 y g 0 'k 0TS 1 15 2 25
0 brm— I o
r[fm]
o
£l °
(H-dibaryon i! Q0(S,)) phase shifts
o 2 .
AA , N= phase shifts doia =18 ——
150 ;H .............. delta t=16
o ’ : 160 delta t=15 ——
= s T 140
£ o 3 120 é’ﬁf}
w s w0 % 3 °
, ‘ 100 il exotic dibaryon?
“ | 80 [ gl gy
%0 HH(H‘} R T
9 REET T Ty
R T R T R s Trigh
, resonunce just helow« s
— 20
0 2 ‘0 o N threshold 0 20 4 60 8 100 120
Ecm [MeV] o)

B “direct measurement”: 1/t ~ AE ~ p?/my ~ 20 MeV in L = 8 fm
=> S/N ~ exp [—A X (mN — %mﬂ) X t] ~ 10_25
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NN('Sg) Effective Energy Shift and Fake Plateau

=48

NN('Sy) Vi(r) [MeV] L

=48

AEEE (1) MeV] L

wall src. ¢
wall src. ¢

-10

-15

A
4‘*2
smeared src:

wall src. NN(IS

i }371'(141414!41
(18 [—a—

——
by satt=13 p—8—
pwall _ kY

n=0,.2at=13 [—e—

10 15 20
t [a]

the same as Z=-channel analysis
get NN(!Sq) potential V,.(r)

solve eigenvalues AFE,, and
eigenfunctions W,

decompose NBS wavefunc.

2 0

1}

~

; —5

)

2

2 -10 1

ol smeared src. NN('S) —4—
=} % wall src. NN(ISO) —
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==('Sg) Phase Shift

kcot &(k E AE =2v/m? + k2 —
L nf? — k'L/2 )%
volume dep. of AEy phase shift §
35 5
2 0l 407 x d8att=12 —— |
— 487 x 48att=12 ——
_0 o 25 i 64° x 64att=12 —>— |
% S 20 Luscher formula
s 2 S 15 f
= k=
-4 s 10
Q T
< 6 é 5
HAL QCD method —&— S O TN
8 o/ Lt SE
0 -6 -5 -5 -5 -10 . : .
0x10°  5x10 1><310 i 2x10°  2x10 0 50 100 150 200
VL (a7 Ecy [MeV]

B wall src. pot. => solve eigenvalue & Liischer formula =—> phase shift
B wall src. pot. => fit & solve Schrodinger eq. =—> phase shift
o using 2 Gaussians + (Yukawa)? ansatz for V,.(7) fit



. o0
Effective Masses Plot T .| . o ,
~ A
AREL(t) = BEL(t) —2m(t) = a¥ ‘
; 0 AAK A4
D A
shows plateau = v A
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: eff eff T 3
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Next Leading Order of Derivative Expansion
Derivative expansion: U(r,r’) = {Vo(r) + Vi (r)V?}6(r — 1) (for 1Sg)

ia—z—ﬁ—ﬂ R( t)—/d3 'U(r,7")R(r', 1)
dmorz gt o)y T AT AL,
) L(@Q/atQ)R_(ﬁ/(‘)t)R_HOR B V2R(r,t)
" dm R R R R(r,t)
P Now, we have RS™ear apd Rwal
Vo(?") + Vl(r)v2Rsmear/Rsmear — Vtirgzlar (’I“, tsmear)
Vo(r) + Vi(r) V2R / RV = VSl (r, tyan),
P LO Vy(r) and NLO Vi(r) potentials are given by

Vi(r) = ‘N/tsorélﬁar(rv tsmear) — WZE‘;{(T, twall)
)= V2Rsmear/Rsmear _ v2Rwall/Rwall

v2Rsmear

Rsmear :

= f/total (Ta t)

Vo(r)+Vi(r)

‘/O(T) = ‘chmear(,r? tsmear) - Vi(T)

otal

e V2R/R — V2R/R in denominator



Results: NLO Potential 400 | TV
B results of HAL QCD method 200 |
P> source independent £ !
2 200}
= -400
V2R(r,t) =
=
Vtotal(ra t) = VO(T> + W(T) 600 ¢
R(Ta t) -800 |
-1000 f
0 1 3.5
T [frn]
P> wall source P> smeared source
e Good convergence of LO pot. e with NLO pot. correction
40 7T T T T T T 40 T -
Vo) | A Vo)
% 30 i V](r) v2Rwall/Rwa]I % 30 § Vl(r) VZRSmear/Rsmear
= 2 i vl 1y —— = 07 VIO 1) e
g 10 i =
5 0 I{/\ - 5
I3 ; 2
~ -10 -1 Py
& : &
w20 il
(1] 30 H (1]
40 b—
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Results:NLO Potential (1) Vi(r) and Vi(r )
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Figure: (a) diff. of Vigtar (b) diff. of V2R/R (c) Vo(r) and V¥l (d) Vi (r)



Results:NLO Potential (2) V4 and V; in smeared and wall
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Results:NLO Potential (3) SVD

solving SVD with several t's
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Figure: (a) Vo(r) (b) Vi(r) using SVD



Results:NLO Potential (4) Energy Eigenvalues

Vel Vo(r) and V(r) + Vi(r) V2

energy eigenvalues are consistent with each other

—> wall source potential ~ LO

volume at 483 x 48 t g.s. [MeV]  1st [MeV]
vvall () 11 -2.30(20)  53.08(29)

12 -2.58(22)  52.87(33)

13 -2.70(30)  52.80(41)

VEr(r) 13 -5.33(59)  49.86(58)

14 -4.76(55)  50.46(54)

Vo(r) 11,12,13 -2.47(23)  52.91(32)
12,13,14 -2.62(28)  52.86(37)

Vo(r) + Vi(r)V?  11,12,13 -2.56(1.56) 53.07(2.73)
12,13,14 -2.74(2.52) 51.58(3.77)

Table: The energy eigenvalues from “potential method”.



Weight of Eigenstates in Wavefunction
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Projection of Eigenstate: Improvement of “Sink” Operator

RU(t) = Z f() Z (0B + Z,t)B(%) 7 (0)|0) = Z FP)R(7, 1)

and R(f)
ABD (1) = log 20
off Y2 R
RO+ 1)
P> ground state projection P> 1st excited state projection
— ol _ gt
f(7) = Wgs(7) f(7) =Wy (7)
75
10 direct smeared src. — VvV 70
direct wall src. £ 65
~ AB,, —— = 63
g 3 smearsrc.gsproﬁ. %’ 60
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% i . & %50
R -5 g 45
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